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Dirac Equation and the Ivanenko-Landau—K:hler
Equation
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We consider spinor theory within the framework of an inhomogeneous differen-
tial forms formalism. We also consider the possibility of describing fermions
with the Ivanenko-Landau—Kéhler equation. The relations between these two
equations are studied.

1. INTRODUCTION

The Dirac equation (Bade and Jehle, 1953) presents the well-known
standard description of fermions, the half-integer-spin particles. Spinors
which realize the double-valued representations of the orthogonal space-
time symmetry group were introduced in the mathematical literature in
1913 by Cartan (1913) and they later were rediscovered by Dirac (1928) in
an attempt to understand the behavior of electrons in a magnetic field. The
Dirac spinors are widely used in quantum field theory; however, these do
not have a simple interpretation as geometrical objects. In particular, this
fact leads to ambiguities in the definition of fermion fields on arbitrary
topologically nontrivial manifolds: there exist nonequivalent recipes for
introducing the spinor structure on curved space-time (Budinich and
Trautman, 1988). In addition, it was noticed long ago (see, e.g., Zhel-
norovich, 1982) that the Dirac equation is in fact equivalent to a system of
nonlinear tensor equations. In the present paper we address another
approach, and construct the spinor theory in terms of antisymmetric tensor
fields (differential forms) and linear field equations. Such a reformulation
of the theory of fermions within the geometrical framework of exterior
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forms is of particular interest for the description of half-integer-spin fields
on curved manifolds.

It is less known that fermions can be described by inhomogeneous
differential forms which satisfy the Ivanenko-Landau—Kéhler (ILK)
equation. The latter has a long and dramatic history (see, e.g., Ivanenko
and Landau, 1928; Kahler, 1962; Graf, 1978; Becher and Joos, 1983; Benn
and Tucker, 1983; Ivanenko et al., 1985; Ivanenko and Obukhov, 1985;
Leonovich, 1983; Plebanski, 1984; Budinich and Bugajska, 1985; and
references therein). The ILK equation has not yet found wide application;
however, it is worth mentioning its use in lattice models (Graf, 1978;
Gockeler and Joos, 1984) and in the description of generations (Banks et
al., 1982). Of the most recent developments we would like to mention the
ILK-based string models (Solodukhin, 1989, 1991) and its to some extent
unexpected role in Witten’s (1988) topological field theory, where the ILK
equation describes the ghost sector of the model.

Both the Dirac and ILK equations can be formulated in terms of
exterior forms, so it seems interesting to investigate their possible relations.
The point is central in the present paper.

The paper is organized as follows. Section 2 contains a brief review
of the ILK theory; several representations of the ILK equation are dis-
cussed.

In Section 3 we consider the theory of algebraic spinors within the
framework of representations of the Clifford algebras. The spinor is defined
as an element of the left minimal ideal of the Clifford algebra.

Section 4 is devoted to the discussion of a somewhat different formula-
tion of spinors which is equivalent, in flat Minkowski space-time, to the
algebraic formulation. The problem of equivalence in Riemannian space-
time is more complicated. The reduction of the Dirac equation in R* to the
surface R>  R* is considered, showing the emergence of the ILK equation
on the latter.

The conjugation operations are studied in Section 5. We demonstrate
that reduction of the Dirac equation not only induces on a two-surface the
ILK equation, but also the conjugation law on it.

In Section 6 we treat the ILK equation in M* as the result of reduction
of the usual Dirac equation from the 8-dimensional space M3, It is shown
that the conjugation of the ILK field as well as the internal (right)
symmetry group are determined by the signature of the M?® metric. The
anomalous signature yields the noncompact symmetry group, which leads
to complications with quantization of the ILK theory.

Finally, Section 7 contains general discussion and the summary of the
results obtained.
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2. THE IVANENKO-LANDAU-KAHLER EQUATION

Let M* be the Minkowski space-time with the metric tensor
N, = diag(+1, —1, —1, —1). Elements of the exterior form algebra
A¥(M?) = @; ..o A"(M*) are the nonhomogeneous exterior forms

¢ = Z [ Purny dx* A - A dxPr (2.1

where {dx"} is the I-form basis of the cotangent space T*(M*), dual to the
coordinate basis {0,}. In A¥(M*) two differential operators are defined:
exterior differential d and codifferential 6. For the p-form
1
1} =;! !//ul...#p dx*i A Adxte

1
u e v H
adif = ' O Wy o AXM A A dxHe+1

1
(p—D!

The codifferential é is adjoint to 4 with respect to the natural scalar
product of p-forms,

1
(a)a‘//)=Jv - Ml ,ul//ﬂ] de4
s D!
and it can be represented in the form § = ~! d*, where »: A? - A* 7 is the
Hodge dualization operator. The evident properties are as follows
d?=0, §2=0
—(do +6d)y=0=0,0*

In 1928, independently of Dirac (1928), the relativistic wave equation
was proposed by Ivanenko and Landau (1928) for the fields (2.1) which
correctly describe the behavior of an electron in an external magnetic field.
This equation,

oy =~

amlﬁaﬂl'"up—l dx*t A -+ A dxte -1

(2.2)

(id=08)—m}p =0 (2.3)

was rediscovered in 1960 by the mathematician Kéhler (1962) and is often
called the Dirac—Kaéhler equation.

With the help of (2.2) one can easily see that, like the standard Dirac
equation, equation (2.3) is the *“square root” of the Klein—Gordon equa-
tion,

(O+m?>p =0
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This similarity suggests deeper relations between the two equations.
We shall study this aspect within the framework of the theory of the
Clifford algebra representations.

First, let us note that there exists a natural correspondence between
exterior and Clifford algebras. Namely, one can explicitly construct the
complex Clifford algebra C,;(M*) on the Minkowski spacetime with the
metric signature (1,3) by introducing the new algebraic operation in
A*(M*): the Clifford product of exterior forms. For the basis /-forms dx*
the latter is defined by the formula

dx* v dx’ =dx* A dx’ +n* (2.49)
Then an arbitrary complex nonhomogeneous form (2.1) may be

expressed as an element of the Clifford algebra

o= Z '(pm sy XFTNV v dxty (2.5)

The algebra C, ;(M*) is defined as the formal algebra with respect to the
Clifford product v which is spanned by the basis elements,

{1,dx*,...,dx" v - vdx,. ..  dx°v---vdx’} (2.6)

constructed from the generating elements dx* which in view of (2.4) satisfy
the anticommutation relation

dx* v dx’ + dx’ v dx* =291, 2.7

Clearly, the complex dimension of C,;;(M*) coincides with that of
A*(M*) and is equal to 2% = 16.
With the help of (2.4) the ILK equation (2.3) is rewritten as

(fdx*vd,—m¢ =0 (2.8)

Equations (2.7) and (2.8) suggest the correspondence between dx* and the
Dirac matrices y,, and between the Clifford product v and the usual
matrix product.

Indeed, let us consider a complex 4 x 4 matrix  (Becher and Joos,
1983; Ivanenko and Obukhov, 1986; Ivanenko et al., 1985)

v = Z ,%1 T (2.9)
The spin tensors

Ful...up = y[ﬂl"'yﬂp]’ P =0, 1, ey 4

together with the unit matrix realize the basis of the 4-dimensional Dirac
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algebra, defined by the relation

Vel + WY = 2’?;;\:}
The inverse transformation is

1
Oupeny =3 (=D THYT, ) (2.10)

For complex conjugates,

_ 1
Puyon, =5 Tr{g?frm,.,up) (2.1D

where ¥ = poif *7,, and we have used 7oy, ¥, = y,. When the tensors ¢, ..,
satisfy (2.3) one obtains the equation for the matrix field ¢ (Becher and
Joos, 1983; Ivanenko and Obukhov, 1985; Ivanenko ef al., 1985)

(4o, —mpy =0 {2.12)

which resembles the Dirac equation, but unlike the latter, ¢ is not a column
but a 4 x 4 matrix.
Under the Lorentz transformations
xtsxF=A v x¥
(Dmmﬂp - (D’Mw‘u" = A’ulv, vs Aﬂpvp (Pvl«-vp
the field (2.9) transforms as follows:
Yoyt =SYS! (2.13)
where the matrix § realizes the spinor representation of the Lorentz group
SIyAS =A* v yY

The Lorentz-invariant Lagrangian for the field ¢ has the form

L=l @y~ 0.+ i 219

Let us mention here that quantization of the ILK theory requires the
indefinite metric in the Hilbert space, and this leads to some difficulties.
Their source is the invariance of the theory under the noncompact internal
(“right”) symmetry group SU(2, 2) (Benn and Tucker, 1983; Ivanenko and
Obukhov, 1985; Ivanenko er al., 1985), evident from (2.14). The type of
quantization is then an open problem; both the Fermi—Dirac (Benn and
Tucker, 1983; Ivanenko and Obukhov, 1985; Ivanenko et al., 1985) and the
Bose—FEinstein (Leonovich, 1983; Plebanski, 1984; Satikov and Stragev,
1987} approaches have been developed.
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The ILK equation has several useful representations (Ivanenko et al.,
1985). Besides the ones mentioned above, let us describe one more. Let us
introduce a 16-component column ¢ ,, 4 =1,...,16, the elements of
which are ¥; and the index 4 is understood as the pair (i, j). Define the
16 x 16 matrices I', which satisfy

r,r,+r.1r,=2,1
by the expression

(ru)AA’ = (?u)ii'éjj'

where A = (i, ), A" = (", ).
Then the ILK equation (2.3), (2.12) is transformed to the form

iTH 0,y —mp, =0 (2.15)

3. THE CLIFFORD ALGEBRA AND ALGEBRAIC SPINORS

Let us consider now the theory of spinors in M* within the framework
of the Clifford algebra representations. It will be more convenient to work
with the real Clifford algebras.

Let N* be the 4-dimensional space with the metric #,, =
diag(+1, —1, —1, —1). We will assume this is different from the Min-
kowski spacetime M*. Denote the orthonormal basis in N* by elements
{e.,n=0,1,2,3}. The real Clifford algebra R,;(N*) of the space N* is
defined as the algebra spanned on

{l,eﬂ,...,em,...,e,‘p,...,eoeleze;,} (3.1

WM <pp<- - <p,p=01,...,4, which are constructed with the help of
the algebraic operation defined on the basis as

e.e, +e.e, =2, (3.2)
An element Y € R, 3(N*) has the form
41
Y= Zoﬁy‘“""‘P Cup- €y (3.3)
s=op!

where y#"#» are completely antisymmetric real tensors.

Now let N° be the real 5-dimensional vector space with the metric
flp=(+1, -1, —1, —1, +1) and let é,,0=0,1,...,4, denote an or-
thonormal basis in N°. We embed N° in such a way that the basis e,
coincides with the first four vectors of é,. The real Clifford algebra
R, ;(N®), related to N?, is easily seen to be isomorphic to the direct sum
Ry3 ® Ry 3@ Ry 5.
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Indeed, let us denote
i= _égélézé:;é‘; = "‘90@19233@4 (3.4)

Clearly, 7 belongs to the center of R, 3, i.e., i, = é,i. One checks at once
that i> = —1. Hence, the maximal element (3.4) plays in R, the role of the
imaginary unit.

An element ¥ e R,3(N®) can be represented in the form

. 51
Y:.- Z z_’.‘_)'}ul‘"ap é‘zl - é“p = Y+ ilp (3.5)

=0

where Y is given by (3.3) with y#1"# = j*1™% and

41
¥=3 =y, .. .6,

p=0p'
where
(_ I)P(P"' 1)/2 R
HETHp e e PHITTH oy
Vs O e S

The Levi~Civita symbol in N° is such that £%%* = 4 1. Thus an
element of R,3(N°) can be represented as the formal sum (3.5) in which the
“imaginary” and “real” parts Y, ¢ are the elements of R, ;(N*). In other
words, we have shown that R,;(N°) = C, ;(N*).

Let A be the Clifford algebra. A subset S < 4 is called a left ideal if
as € S holds for any a € 4,5 ¢ S. The left ideal is called minimal when it
does not contain nontrivial left ideals. One can obtain a left ideal with the
help of the idempotent element P € 4, such that P?2= P. Then S = A4P.
One calls two idempotents “orthonormal” if PP’ = P’P = 0. Finally, an
idempotent is called primitive if it is impossible to decompose it into the
sum of two orthonormal idempotents. To any primitive idempotent there
corresponds a minimal left ideal. In the Clifford algebra one can construct
the complete set of primitive idempotents {P;} such that

PP, = P, (no sum) (3.6)
Z P = 1
Then A may be decomposed into the sum of minimal left ideals

4=YS, S =4P, (3.7)
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The left multiplication evidently defines a linear representation of the
Clifford algebra A on minimal left ideals,

A xS;>S;
acA,seS;—»asesl,

By construction these representations are irreducible.

Notice that with the help of an arbitrary inversible element # € A one
can obtain from {P;} another complete set of primitive idempotents
P; =uPu~" which satisfy (3.6). Moreover, there always exists an element
u; such that P, =u;Puj;"'. Hence all the representations of the Clifford
algebra on the minimal left ideals are equivalent.

One can prove (Lounesto, 1986) that in a real algebra R, there are
k =g — 1(g — p) mutually commuting elements 4, . .., 4, with unit square
A3=-.-= A% = 1. Here 1(n) is the Radon—Hurwitz number, which for any
neZ is determined by the recursion formula t(n + 8) =1(n) +4, and
7(0)=0,7(1) =1,7(2) =1(3) =2, 1(4) = - - - =1(7) = 3. Clearly

1
sza=~2_(1+8ala): Ba=i1

are idempotents, and
P,=Py- P2, ..., P¥ (3.8)

are primitive idempotents. The total number of these is equal to 2*—the
number of different combinations of sign coefficients {e,, . .., & }. For the
case under consideration, R,;(N?), k =2 and hence there exist four primi-
tive idempotents.

As two independent commuting elements we can choose A, = ie,,
A, =leie,. Clearly 4,4, = A,4;, A3 = A%2=1. Then the complete set (3.8) is
as follows:

1
Pi=7(1+ie)(1+ierey),  Py=7(1—ie;)(1+ieier)

(3.9

N Ny

1
Py=g(l+ie)(1—ieer),  Py=7(1—ies)(1iees)

Let us describe the minimal left ideals which correspond to (3.9).
Consider the action of P,,i=1,...,4, from the right on an arbitrary
element Y € R,3(N°). Taking the latter in the form (3.5), one gets

Y(t) = ?Pt € Si = R2,3Pi

(3.10)
Yo =W +Vieoe; +¥ine +¥ihelP;
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where i/, are “complex” coefficients constructed from the components of
(3.5).
In the ith minimal ideal the elements

1P, ege1 Py, eg Py, €, P; (3.11)

can be considered as the basis of the four-dimensional complex linear space
§;. Correspondingly, the quantities y/, are naturally interpreted as the
components of elements Y, in §; with respect to the basis (3.11). We call
any of equivalent ideals S; the spinor space S. Its complex dimension is
equal to 2%2=4. The above construction is well known as “algebraic
spinors.” Equations (3.10), (3.11) show that S is isomorphic to the complex
Clifford algebra C,; of a two-dimensional space (spanned by the vectors
€y, €;). This fact is a particular case of the general theory of the Clifford
algebra representations where the spinor representations of C,,, are realized
on C,, (Rashevsky, 1955; Chevalley, 1954). We will use this below.

The components of an element of spinor space (of spinor) may be
conveniently arranged on a column

Vi
Vi
Yo = (3.12)
() l//(3,~)
20
Here the index (i) denotes the minimal left ideals to which the given spinor

belongs.
Acting from the left by the elements &, on the basis (3.11), one finds
that the vectors é,, u =0, 1, 2, 3, and &, are represented by 4 x 4 matrices

1 O 1 0
~ 1
é: Ey= 1 0 0 (3.13a)
0 1 O
.
( O 0 1
” 1
¢ B = 0 (3.13b)
0 -1 0
\—1 0
0 0 i
¢y Ey=+ o0 (3.13¢)
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0 i 0 (3.13d)
0 i
é4: E4 = lEs = iEoEl E2E3 (3.133)
The signs in (3.13c) and (3.13d) depend on the choice of the minimal left
ideals: in (3.13c) for S; and S, one must take ( +), while for S; and S, (—);
in (3.13d) (+) is for S;, S; and (—) for S,, S,.
The matrices (3.13) satisfy

E,Ey+ EgE, = 24, (3.19

and these are a possible set of Dirac matrices.

Thus the action of an element of the Clifford algebra (3.5) on spinors
(3.12) in the given basis (3.11) is represented simply as the matrix multipli-
cation from the left by the 4 x 4 matrix Y which is determined from (3.5)
by substituting é, by E,, (3.13). Hence the representation of the algebra
R, 3(N*) = R, ;(N?) [put ¢ =0 in (3.5)] is defined on S;.

This also gives the spinor representation of the orthogonal group on
S;. To show this let us consider the subset of invertible elements Y in R, 5.
These define an internal automorphism of the Clifford algebra

R, ;> YR ;Y !

By construction, the Minkowski space N* is embedded in R, ;(N*) as the
set of elements of the form X = x*e,. The Clifford group G.(N*) of the
space N* is the set of invertible elements in R, ; such that the relevant
automorphisms leave N* = R, ;(N*) invariant, i.e.,

G.(N*) ={Y e R ;(N)|YXY ' e N*, VX =«k"e, € N}
In particular, for Y € G,(N*%), one finds
Ye, Y™'=Ae, (3.15)
Squaring (3.15), we get
Yee, Y '=A*AFe.e
and for the symmetric part
N = Ap“ At Nap

Thus, A,"e€O(1,3), and (3.15) describes the homomorphisms of the
Clifford group in the orthogonal group. This map is not one-to-one, since
for any element a¥, a € R, in (3.15) there corresponds the same A,*. Hence
one uses the normalization condition.
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In R, ;(N*) involutions are defined: the main involution « which maps
(3.3} into
4

1
a(Y) =p§0 5 (=D, ...,

and the main anti-involution B,

(3.16)

4

1
BY)= 3}, 17(—1)1’“"”/2;7“1"%,,1...e,lp (3.17)
p=0F"

with the properties
al=p2=id, (Y = (YY) !
a(ab) = a(@yu(d),  BY™N) =(B(Y)) "
Blab) = p(b)B(@),  a,beR,;
Applying 8 to (3.15), one gets
B(Y) e, B(Y) = A,"Ble.)
Subtracting (3.15) from this, we obtain
B(Y)Ye,=¢e,f(Y)Y

Thus (Y)Y is a scalar.
The set

Pin(N%) = {Y e G(NY|B(Y)Y =1} (3.18)
is called the spinor group. Equation (3.15) gives the homomorphism
Pin(N*) - O(1, 3)

This map is two-to-one: any rotation A,” corresponds to the two elements
+ Y of the spinor group. The subset of even elements in Pin(N*) forms the
subgroup which is called the special spinor group,

Spin(N*) = {Y € Pin(N*)|«(Y) = Y}
In this case det A,” = +1, and (3.15) gives the homomorphism
Spin(N*) - SO(1, 3)

Thus, we obtain finally the representation of the Lorentz group on the
spinor space which is related via the elements of Spin(N*) < R, ;(N*). For
example, the infinitesimal rotation

Aj=6,"+w, w, =—Q

uv i
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yields via (3.15)

1
Y=1+ 7 w,ele’
The relevant matrix realization on the spinor space is given by the 4 x 4
matrix

where £ is as in (3.13).

Returning now to the ILK equation (2.3), (2.8), we note that the field
(2.5) gives a concrete realization of (3.5), while the abstract space N* can
be idempotent identified with M*, and e* with dx*. Then decomposing ¢,
(2.5), into the sum of four spinor fields ¢, = ¢P; and substituting into
(2.8), we obtain four independent spinor equations

@dx*v o, —m), =0, i=1,...,4 (3.19)
In the matrix form (3.19) in the basis (3.11) one gets
(GE*8, —miyy =0 (3.20)

that is, the ILK equation is reduced to the four independent Dirac
equations for the spinor belonging to different minimal left ideals. For-
mally, this was apparent already in (2.12).

We conclude the section with the remark that in general ¢ might not
be decomposable into elementary spinors, since arbitrary spacetimes do not
admit covariantly constant idempotents (Graf, 1978; Benn et al., 1985).

4. REDUCTION OF THE DIRAC EQUATION

Let us now address the problem of reduction of the Dirac equation
from the four-dimensional space to its two-dimensional submanifold. We
shall discuss this point within the framework of the approach of Rashevsky
(1955), which establishes a natural connection between spinors and differ-
ential forms.

As mentioned above, the spinor space is a minimal left ideal of the
Clifford algebra, and it is isomorphic to the complex Clifford algebra C, ,
of an auxiliary two-dimensional space (spanned by the vectors e, and e, in
the case under consideration).

So, let us consider nonhomogeneous exterior forms

201
¥ =k;0k—! Doy €I A A €% (4.1

which in terms of Rashevsky (1955) will be called spinors. The set of such
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forms will be called the spinor space hereafter, An orthonormal 1-form
basis in the Minkowski space M* is denoted {e,, 4 =0, 1, 2, 3}. Its choice
is not connected with the introduction of some coordinates in M*, and
hence an element (4.1) is [like the element (2.1)] invariant, independent of
spacetime coordinates.

We now describe the action of the orthonormal group of M* on the
spinor space. Following Rashevsky (1955), we notice that each 1-form
e, A =0,1,2,3, determines a linear operator E, which acts on the
elements (4.1) according to the rules

e, =0,1: EYy=e vy
ey: E) =io(y) v e (4.2)
e: Exy =a(y) v e

where « is the main involution (3.16).
These operators satisfy

E Ep+EpE,; =245

and they are evidently in correspondence with the above operators {£,},

(3.13), which act on the space of algebraic spinors. Hence, just as before,

we can define the action of the orthogonal group on (4.1) by (substituting

e, — E,) mapping, say, the infinitesimal rotation (3.15), Y =1+ %waﬂe“eﬂ,

to the operator Y =1+ jw,; E*E*. In this way we naturally introduce the

action of the spinor group (Pin and Spin) on the spinor space (4.1).
Now we are in the position to write the Dirac equation,

iEA9, y —mj =0 4.3)

Here {0, } is the vector basis dual to {e,}.

Let us fix in the Minkowski space-time M* an orthogonal coordinate
system (x° x!, x% x% and consider the two-dimensional plane M’=
{(x°% x',x%, x*) € M*x*=x*>=0}. Then we can put e*=dx%e' =dx' in
(4.1)—(4.3) (the vectors 8/0x® and 8/0x' are tangent to M?). We are
interested now in the restriction of the Dirac equation (4.3) on the plane
M?. For this purpose we choose for the spinor field y components in the
neighborhood of M? the natural ansatz

![li(x03 . ,x3) = ‘V‘(xo’ xl) 4+ Ciw(xoa xl)xﬂxv+ s

That is, one has d,¥'|,c »2=0, p =2, 3, in this case.
Hence, on the plane M? the Dirac equation (4.3) reduces to

F i@ a —
(zE 6x“_m>|//_0
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or, using (4.2),

(z‘dx" \% ——a———m>t// =0
ox*°

This is equivalent to the ILK equation on M2,
{i(d—8) —my =0

It would be interesting to generalize such a construction to the case of
an arbitrary (not necessarily flat) two-dimensional surface R?< R*. In
order to study this problem we need the description of the spinor space and
the relevant Dirac equation on a Riemannian manifold R*.

Let {e,, 4 =0,1,2,3} be a local orthonormal basis on R* with the
metric gle,, eg) = #145- As above, we define the spinor space in R* as the
set of forms (4.1). Assuming R* is supplied with the zero-torsion metric
connection, one introduces covariant derivatives,

Vet =ded +wipnef=0
44)
Vepa =004 — 0% 1,05

where w*, = w*5, dx* is the Lorentz connection 1-form.

It is useful to notice that the spinor ¥ is in fact an element (2.1) where
all components which involve the indices (2) and (3) are zero. Hence for
the covariant derivative of the form v, considered as the geometrical object
in R* we have

Valp = (aa(p + aa(paea + %aa(Pabea A eb)
- (a)ca,zx(pcea + wca,a(Pcbea A eb + wcb,zx(pacea A eb (45)

where the indices a, b, ¢ run from 0 to 1. One easily sees that the two last
terms in (4.5) are zero, hence

Va‘/] = 60:‘// - wab,a(Paeb (46)

and d,y denotes the first three terms in (4.5).

Notice that Vi also belongs to the spinor space, i.e., it has the form
(4.1). So one can generalize the Dirac equation (4.3) to the Riemannian
case as follows:

iEARAY 3 — my =0 4.7

where E4 are the Dirac operators (4.2) and A% is the orthonormal basis
(tetrad) field, e4 = 27 dx*. Such a curved-space Dirac equation is different
from the standard one (Fock and Ivanenko, 1929; Penrose and Rindler,
1986).

Let us now consider the curved two-dimensional surface R? in R?,
which in local coordinates is defined by R>={(x’ x', x% x°) e RY|
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x? = x?=0}. We assume that ¢ and e' are tangent to R i.e., " = h{ dx’,
e =h!dx'. To study the restriction of (4.7) on R? it is convenient to
choose the ansatz for the components of spinor field ¥ in the neighborhood
of R? in the form

o(x% ..., x) = (x% x") +a,,(x° x")xtx"+ - - -
P (x% .., X% = 05 (x% X1) + b, (x°, x)x x4 - - (4.8)
@a(xos srey x3) = (pa(xos xl) + wba,g(xov x‘)qob(xn, xl)x# + e

where the dots denote higher orders in x? and x?. In this case (4.4)—(4.6)
yield

V,u!p'xER?:O! p=23 (4.9)
Hence, (4.7) induces on R? the equation
(E°hLV;, —myy =0 (4.10)

or
(le®* vV, —m =0

which is equivalent to the ILK equation on R

As a remark, let us point out that the spinor space (4.1) may be
connected with a given pair of vectors {e“}, but the reduction can be
constructed with respect to a surface R? with tangent vectors {£°} which
are different from {e“}. In this case the result will be the same in view of
the invariance of (4.7) under the orthogonal rotations of the basis
e - VeVl

For comparison one can consider the standard Dirac equation in the
Riemannian space (Penrose and Rindler, 1986). Defining the spinor con-
nection as usual,

5
Vo =09 + Ty (4.11)
with T, = w5, E*E®, one finds that the Dirac equation reads
S
iEAh4 V¥ —my =0 (4.12)

In the neighborhood of R? the spinor components ¥ * are assumed to
be as follows:

Yix, ..., x) =yl x) = T,500 xx®, xNx# + -+ (4.13)
where T/, is the matrix of the spinor connection. Hence

S
Vp‘//!xeRl’:Os [":253
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and the reduction of (4.12) on R? yields
GEh.V, — myp =0 (4.14)
For the connection (4.6) we have evidently
V=0 +S; vy —y vS; (4.15)

where S; = iw,,, ie® A eb.

One can see that equation (4.14) contains terms which depend on w,,,;
and w,,;, n,m=2,3, and the latter are determined not only by the
geometry of R?, but also by the embedding of R? into R*. Clearly, when
the four-dimensional space has the direct product structure R* = R>® R?,
these terms are zero, and the induced equation on R? reads

id—0W +ie*vivS,—my=0 (4.16)

This coincides with the modified ILK equation suggested by Benn and
Tucker (1985; Bullinaria, 1986), which admits decomposition into the
algebraic spinors.

Finally, one more remark is in order. As one knows (Graf, 1978; Benn
et al., 1985; Bullinaria, 1986), in general the field (2.1) cannot be decom-
posed on algebraic spinors in such a way that the ILK equation (2.3) splits
into several independent Dirac equations, because an arbitrary manifold
does not admit covariantly constant idempotent fields, i.e., in general
V.(¢ v P;) ¢ S;. Hence, algebraic spinors do not always exist.

However, the spinor (4.1) considered above is not an algebraic spinor,
although relevant spinor spaces are isomorphic in the Minkowski space.
As we noticed, the natural covariant derivative V¥ is ag?in the element of

the form (4.1S); the standard covariant derivative V, also has this

property, i.e., V, ¢ € S.

We have thus described a new nonequivalent method of introducing
spinors on a Riemannian space. Spinors are then analogous to the usual
tensor objects.

5. CONJUGATED SPINORS

One needs the conjugation operation in the spinor space. Let us recall
that the metric signature in M*is (+1, —1, —1, —1).
For any two nonhomogeneous exterior forms

Y= +rfe’ +fie' + fre%!

(5.0
¢ =0 +0oe+ e + @y e!
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the scalar product is defined (Bullinaria, 1986)

<‘/’|¢> = J‘(fq’ +fo@o —f101 + fo1001) * 1
which has the properties

b, b0 =<, ¥>
b, &) = ), a(¥) >
Y, 5 =<B(), B>

One ecasily sees that

Y, ¢) = (BW), 9)

where (-, ') is the natural scalar product of p-forms,

(,ﬁ(p)’ ¢(p)) = f* ,/,(p) A ¢(P)
Let us define the Hermitian conjugated spinor

Yt = e *ey =1+ foeo —fie' + fo €%’

and the Hermitian product

Y, o>= .[(f_fp +fo0o + 101+ for00) * 1

As usual, the conjugated operator is given by

Y Ay =Lp*, A7)
Then for the operators (4.2) one finds

Ej = E; Ef = —E,

Ef = —E,; Ef = —E;

The Dirac conjugated spinor § = y * E must satisfy
P, E,90* =<, E,¥)
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(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

from which E, = EE;} E under the condition of hermiticity of E. The latter

can be chosen as follows, E = E,:
=y +Eo = eof(Y*)
Then the conjugated spinor satisfies the equation

IO WE* +mj =0

(5.9)

(5.10)
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and it is transformed with the help of the inverse matrix under the spinor
Lorentz transformations in spinor space. For example, in the infinitesimal
case

' =8¢ = (1+30,EEW

— . . (5.11)
¥’ =S¢ =J(1 — 30, E*EP) =§S~!
Now one can easily determine the Dirac action
i ) p
I=E<lpa Eaaa'p)—E(aa‘pEaa '//>_'m<‘p, l/’) (512)

Restriction to the two-dimensional plane M? reduces (5.12) to

I=ij*ﬂ(|/7)A(d—5)l//—mJ*ﬂ(zﬁ)Ad/ (5.13)

Thus, the reduction induces on the 2D surface not only the equation
of motion, but the conjugation recipe as well. In the present case (5.9)
yields =y * v e,.

Let us note that the conjugation law depends on the signature of the
4-dimensional space. For example, suppose we start from a different one,
the metric of which has the signature (+1, —1, +1, —1). Then

Egy =¢e v ¥, Eyy =y ve
Ey=e vy, Exp =ia(y) v e

and for the operators which are conjugate with respect to the scalar
product (5.6) one finds

E3-=Eo: E1+= —E,
E; =E21 E;- = _E3

The condition E, = EES E then vields that E = EyE, and hence the Dirac
conjugated spinor reads now

U=y*E=etey=py* (5.16)

The observed difference is rather essential: while in the first case the
charge (J,e> is a positive-definite quantity, it is indefinite for an
anomalous signature. We discuss this in the next section.

(5.14)

(5.15)

6. REMARKS ABOUT THE ILK EQUATION IN M*

The relation between the Dirac and ILK equations established above
in flat space is in fact quite universal. Not entering into the details of
describing the reduction to a nonflat surface, one may say that the ILK
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equation in M” is obtained from the restriction of the Dirac equation in
M?" on the subspace M" < M?". In particular, the ILK equation in M* can
be considered as the reduction of the Dirac equation from the 8-dimen-
sional space.

Let us discuss such a construction. Let ¢ be the Dirac spinor in M3
with the metric of signature (1, 7). It satisfies the Dirac equation

7
Y iT9,0p —me =0 (6.1)

a=0

where the 8-dimensional I'-matrices
;DFb + T = 2y

can be chosen in the form

M=1®7y4 u=0,...,3

I=y"®y° (6.2)

M=y, j=12,3
One easily verifies that
I, Iiry=r, (6.3)

where [i=1®7,.
Hence the conjugated spinor is defined as

p=0"T, (64
and the Dirac Lagrangian reads
L=ipl0,0 —mdop (6.5)

Reduction to M* < M8 gives the equation

3
Y, iT0,0 —mg =0 (6.6)
u=0
which is evidently the ILK equation written in the form (2.15).
Alternatively, (6.6) may be easily rewritten in the form (2.12) for the
4 x 4 matrix field ¥:

k0, —mp =0
with the Lagrangian similar to (2.14):
L =i Tr(y*3,9) — m Tr(y) (6.7)

where, however, now =y *y,.
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The Lagrangian (6.7), unlike (2.14), describes the ILK equation with
the compact internal symmetry group SU(4). Now we can explain the
origin of the noncompact symmetry in (2.14): it arises from the reduction
from a space with anomalous signature (4, 4).

Indeed, in such a case the I" matrices read

' =194 un=0,...,3

1"4+14=yﬂ®'y5 (68)
and consequently the Dirac conjugation matrix C is as follows:
crye=r,, C=y,®7% (6.9)
Then the 8-dimensional conjugated spinor is defined by
p=¢*C (6.10)
and hence on M* the induced Lagrangian takes the form (2.14),
L =i Tr(yy*d,4) — m Tr(y) (6.11)

where ¥ = yo¥ *,.

In summary, the conjugation law for the ILK field and consequently
the internal (“right””) symmetry group of the ILK theory are determined by
the signature of the metric of the 8-dimensional space M8. The noncompact
symmetry group arises when M?® has more than one timelike coordinate.
This is apparently an unphysical situation, which probably sheds light on
the difficulties of quantization of the ILK field discovered earlier (Benn and
Tucker, 1983; Ivanenko et al, 1985; Ivanenko and Obukhov, 1985;
Leonovich, 1983; Satikov and Stragev, 1987).

7. CONCLUSION

We have shown that the nonhomogeneous differential forms suggest a
new framework in which one can construct a natural theory of spinors. The
spinor turns out to be a “two-dimensional” object, in the sense that it is
related to a two-dimensional space (plane, determined by a pair of tangent
vectors). Hence it is not very unexpected to find that the reduction of the
Dirac equation to this two-space induces the ILK equation on it. This is a
general property which naturally relates the ILK equation on M” with the
Dirac equation in M?", As a by-product we have revealed the origin of the
difficulties in the quantization of the ILK field in M”™: these arise when M?"
possesses several timelike coordinates. In summary, an interesting hierarchy
of the ILK - Dirac relations can be established: the ILK equation in M?" is
equivalent to 22"~ ' Dirac equations each of which under the reduction to
M? "' < M? yields an ILK equation, etc.
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